Freface
Some familiarity with programming conc=pts is assumed, bul no knowiedize of any
particular programming janguags is nceded as 2 prarequusite. In wddinon. famiiiariiy
with the concepts of statistics and pro-babiiity theory will be heipful, although two
chapters review the required theory. Many areas of applicatten are discussad,
but_!hc technical details are kept simple so that the bock will be useful to siudents
of differcnt backgrounds. A ccurse bassd on the text cculd be introduced at the
scnior undergraduate or graduate level in many discipiines.
The first chapter discusses the types of modecls that are basic to any simulation.
The second chapter considers the topic of organizing a system study. The nature
of the simulation technique is then introduced in Chapter 3. Continuous-system
simulation is examined in Chapter 4, and its application to System Dynamics
studies is illustrated in Chapter 5. Chapters 6 and 7 are the ones that introduce
the necessary statistics and probability theory.
The application of discrete-system simulation is demonstrated in Chapter g,
using a8 Luad-worked example of a simple telephone-system. Two chapters arc
then devoted to GPSS, followed by two chapters describicg SIMSCRIPT. In both
cases, the first of the two chapters is self-contained, and would be suficient for
students necding only a brief introduction. The second chapter in cach case
includes, as a worked-out exarmple, the same telephone-system problem presented
in Chapter 8, thus giving an cpportunity to compare the thres approaches.
Chapter 13 discusses the programming techniques involved in the design and
construction of simulation programining systems. Its prime interest will be to stu-
dents concerned with the evaluation and design’ of simulatior: languzzes. The last
chapter, also, is of 2 more technical nature, since it discusses the topic of analyzing
statistical outputs of simulation runs.
I weuld like to thank CACI, Inc., for providing the SIMSCRIPT listings used
in Chapters 11 and 12, and Dr. E. C. Russell for his generous help in both correct-

ing the SIMSCRIPT examples and reviewing those chapters.

-- 5 : ‘GeoFFREY GORDON
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1-1

The Concepts of a System

The term system is used in such a wide variety of ways that it is difficult to
-1 produce a definition broad enough to cover the many uses and, at the same time,
concise enough to serve a useful purpose, (6), (12), and (20).! We begin, therefore,
with a simple definition of a system and expand upon it by introducing some of the
terms that are commonly used when discussing systems. A system is defined as an
! aggregation or assemblage-of objects joined in some regular interaction or inter-
dependence. While this definition is broad enough to include static systems, the

principal interest will be in dynamic systems where the interactions cause changes
over time. ‘

As an example of a conceptually simple system, consider’ an aircraft flying
under the control of an autopilot (see Fig. 1-1). A gyroscope in the autopiiot
detects the difference between the actual heading and the desired heading. It sends
a signal to move the control surfaces. In response to the control surface movement,

T the airframe steers toward the desired heading. .

As a second example, consider a factory that makes and assembles parts into a
! product (see Fig. 1-2). Two major components of the system are the fabrication
E .

"Parcnthetical numbers in text refer to items in bibliography at end of chapter.
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Figure 1-1. An aircraft under autoplot conuicl

CUSTOMER PRODUCTION

CONTROL
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/ \ 3 \.:
‘ 15
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DEPT _ l DEPT DEPT ] | DEPT PRODUCTS
L

Figure 1-2. A factory system.

department making the paris and the assembly departuient producing the products.
A purchasing deparunent maintains a supply of raw materials and a shipping
department dispatches the finished products. A production control department
receives ordars and assigns work to the other departments.

In looking at these systems, we see that there are certain distinct objzcts, each of
which possesses properties of interest. There are also certain interactions occurring
in the system that cause changes in the system. The term entiry will be used to
denote an object of interest in a system; the term artribute will denote a property of
an entity. There can, of course, be many attributes to a given entity. Any process
that causes changes in the system will be called an activity. The term srate of the
system will bz used to mean a dzscription of all the entities, attributes, and activitics
as they exist at one point in time. The progress of the system is studied by following
ths changes in the state of the system.

In the description of the aircraft system, the entities of the system are the
airframe, the control surfaces, and the gyroscope. Their attributes are such factors
as speed, control surface angle, and gyroscope setting. The activities are the driving
of the control surfaces and the response of the airframe to the control surface
movements, In the factory system, the eatities are the departments, orders, parts,
and products. The acuvities are the manufacturing processes of the despartments.

e
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Sec.1-2 / System Environmeant 3

Attnibutes are such factors as the quantitiss for each ovder, typ: of part, or aumbar
of mackhines in a department.

Froure 123 Jists exanples of waat ynight Le cousidersd =ntties, attabutes, and
activities for a num:ber of other systems. If we conswier the reovement of cars as a
traffic system, the individual cars are regarded as eatities, each having as attnbutes
its speed and distance traveled. Among the acuvities is the driving of a car. In the
case of 2 bank system, the customers cf the baak are cititics with the balances of
th=ir accounts and their credit statuses as attributes. A typical activity would be the
acticn of making a deposit. Other examples are shown in Fig. [-3.

f‘a*;'.?f:."-l-‘)‘{f R ESEF N

Joam .. Lo e

S et
e et
- SFEED .
c AR DRIVING
UNER] = DISTANCE { :
) BALANCE '
BAN CUSTOMERS DEPOSITING
okl ' CKREDIT STATUS |
] o LENGTH . =
COMMUNICATIONS | MESSAGES e i TRANSMITTING
SUPERMARKET CUSTOMERS SHOPPING LIST CHECKING OUT

Figure 1-3. Examples of systems.

Tte figure does not show a complete list of all entities, attributes, and activities
for the systems. In fact, a complete list cannot be made without knowing the
purpose of the system description. Depending upon that purpose, various aspects
of the system will be of interest and will determine what needs to be identified.

1-2

System Environment

A system is often affected by changes occurring outsids the system. Some
system activities may also produce changes that do not react on the system. Such
changes occurring outside the system are said to occur in the system environment.
An important step in modzling systems isto decide upon the boundary between the
svstem 3nd its environment. The decision may depend upon the purrose of the
study.
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1n the case of the factory systemi, for examples, the tictors contreliing the
arrivai of siders may be ccr’.dﬁ'cd te be outside the infiucnce of iz factory and
thzrefors pait ol the envirernarent. Sowaver, il the =ffect of supply on d=raand is to
be considered, there wil b= a :cmnon,‘up beiwesn factory outpu 2id airval of
orders, and this relationship must be considered an activity of the system. Sinularly,
in thz case of a bank syst=m, therc may be a limit on the maximum interest rate
that can be paid.. For thes study of a siogls bank, this would be regarded as a
constraiat imposed by the environment. In a study of the effects of moonetary laws
on the banking industry, however, the setting of the limit would be an activity of
the system.

The term endogenous is used to describe activities occurring within the system
and the term exogenous is used to describe activities in the environment that affect
the system. A system for which there is no exogenous activily is said to be a closed
syster in coatrast to an gpen system which does have exogenous activities.

-

1-3-

Stochastic Activities

Oae other disticction that needs to be drawn between activities depends upon
the manner ia which they.can be described. Where the outcome of an activity can be
described complesely in terms of its input, the activity is said to be deterministic.
Where the effects of the activity vary randomly over varicus possiblz outcoms=s, the
activity is said to be stochastic.

The randomness of a stochastic activity would szem to imply that the activity
is part of the system environment since the exact outcome at any time is not kaown.
However, the random output can often be measured and described in the form of 2
probability distribution. If, howsever, the occurrence of the activity is random, it will
constitute part of the environment. For.example, in the case of the [actory, the time
taken for a machining operation may need to be described by a probability dis-
tribution but méchining would be considered to be an endogenous activity. On the
other hand, there may be powc. 2 ‘:Jurcs at random mtcrvals of time. Tb»y would
be the result of an exogenaus actmty il s

If an acuwty is truly stochastic, there is no known cxp‘anahon for its random.-
ness. Somcumcs, howevcr when. it requires too. much detail or is just too much
trouble to describe an acmnty fu]ly, the activity is reprcscntcd .as stochasnc. For
cxamplc, in modeling elevator service in a building, the rc-cntry of people into the
elevator, after they haw been taken to a floor, could be connected with their
having left the clevator, by assxgmng the time they stay on the floor. In most
models, nowever, nuvmo and n:-cmry \wuld be treated as sc gamtc stoc ,nasuc

D e e T —
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activitizs, connccted only bv the fact that the mean rates at wihizh they transfer 3
recnle are equai, ;
’ Assenbling the dz2ta for a aodel wil! ofien avoive an eleinant of vnzertainty
that arises from zampling oc expersmentzl error. A values for soms= z2iribute of 2
model, which 1s known to be fixed, raust be selected frem a number of recorded
valuzs that contzin random errors. Daciding on the best estirnate it 2 stalistical
cxercise. Usuaily, an aritimctic averags will bz considered suiiicientiy accurate.

1-4

Continuous and Discrete Systems

The aircraft and factory systems usad as examples in Sec. 1-1 respond to environ- 1
mental changes in different ways. The movement of the aircraft occurs smoothly,
whereas the changes in the factory occur discontinuously. The ord=ling of raw
materials or the completion of a product, for exdmple, occurs at specific peints in
time. - .

Systems such as tke aircraft, in which the changes are predominantly smooth,
are called centinuous systeris. Sysiems like the factory, in which changes are
predominantly discontinuous, wiil be called discrere systems. Few systems are
wholly continuous or discrete. The zircraft, for example, may make discrete
adjustments to its trim as altitude changes, while, in the factory example, mackining
proceeds continuously, even though the start and finish of a2 job are discrete
changes. Howsver, in most sysfems one type of change predominates, so that
systems can usually be classifi=d as beingz continuous or discrete.

Th= complete aircraft system might even be regarded as a discrete system. If the
purpose of studying the aircraft were to follow its progress along its scheduled
route, with a view, perhaps, to studying air traffic problems, there would be no
point in following precisely fow the aircraft turns. It would be sufficiently accurate
to treat changes of heading at scheduled turning points as being made instantane- ,
ously, and so regard the system as being discrete. _ ‘

In addition, in the factory system, if the number of parts is sufficiently large,
there may be no point in-treating the number as a discrete variable. Instead, the
number of parts might be represented by a continuous variable with the machining
activity controlling the rate at which parts flow from one state to another. This is,
in fact, the approach of a modeling technique called System Dynamics, which will
be discusséd in Chap. S. ' :

There are also systems that are intrinsically continuous but information about

systems, (15). The study of such systems includes the problem of determining the

i T A s o o e R . 5 &
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=fcts of the discrets samplin 7. espeaially when the mication s 10 cortrol ths sys-

tsm 3a th= basis of information gathered by the sampling.

Thiz aniciguily in how a system mugnt be represented yllesirates ae rmportap!
poiat. Tie description of a sysiem, rather than the nature of the s BN

determines what typs of medcl will be used. A distinction naads to beirads becauss,
as will be discussed later, the general programming methods used ts simulate
contnucts &nd discrets mod-!s differ. However, no specific rules can be given as to
how a particuiar system is to be reprasented. The purpose of the model, couplad
with the general principle that a model should not be more complicated than is
needad, will d=terminz the l=vel of detail and the accuracy with which z model
needs to be developed. Weizhing these factors and drawing on the experience of
knowledgzable people will decide the type of modsl that is nesded.

-

1-5

To study a system, it is sometimes pessible 10 experiment with the system itself.
The objective of many system studiss, howsver, is to predict how a system will
perform before it is built. Clearly, it is not f=asitle to experimant with a sysiem
while 1t is in this.hypothetical form. An alternative that is sometimes used s to
construct a number of protctypes and test them, but this czan be Very expensive and
time<consuming. Even with an existing system, it is likely to be impossible or
impractical to experiment with the actual system. For exampls, it is pot feasible to
study economic systams by arbitrarily changing the supply and demaad of goods.
Consequently, system studics are generally conductad with a model of
For the purpose of most studies, it is not necessary to consider all tke
system; so 2 modcl is not only a substitute for a system,
the system, (14).

We define a model as the body of iaformation about a system gath:rcci for the
purpose of studyingz the systzm.? Since the purpose of the study will determina the
nature of the information that is gathzred, there is no unique mods! of a system
Diffzrent models of the same system will be produced by different analysts inl:r:st:ci
in different aspects of the system or by the same analyst as his unders

systern changes.
The task of deriving a model of a system may be divided bro

the system.
dztails of a
1t1s 2lso a simplification of

adly into two
Establishing the

structure determines the system boundary and identiSes the entities attributes, and
Ay ? oy . n
2la tire Case Of u plysical moded, the information is emboaica i@ the pro
I 1 i e [V
in contrast to the symbolic representation in a mathematical mod

o Peiiiss of the raodel,

|
|
|
|
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achiviizs of the systemn, The dati provide the valuss the attribuies can have and
d=iinc the relationshinps ravolved in ths activities. The {we jobs of creating a struc-
ture aad crevidiay the data are defined as pacis of 2ne task rather than as two
scparaic t2sks, hecause they are wsuaily so inumately reiated tiat neither can be
dore without the other. Assumptions about the system direct the gathering of data,
and analysis of the data confirms cr refutes the assvinptions. Quite ofien, the data
gathered will disciose an unsuspesied relationship that changes the mod=l structure,

To illustrate this proccess, consider ths foilowing description of a sup:zr-
market, (3).

Shoppers needing several items of shopping arrive at a supermarkei. They ger a
basker, it one is available. carry out their shopping, and then guewe to check-our at
one of the severa! counters.

After checking-out, they return the basket and leave.

Cartain words have bezn italicized because they are considered to be key words

hat point cut some feature of the system that must be r':ﬂcct'd in the mods=l.
Esscnua[._/ the same description is rewritien in Fig. 1-4 to identify the entitics,

_,-¢=.~11*-_,,—-.--J.-.-¥-- Sk e e oS ek, 20 e
.t‘i‘jé{-l‘r"l-gf} e wﬁmmr‘x-e:.\ P Yo
e 11 S0 Lo e Y S
SHOPPER NO OF ITEMS
ARRIVE
GET ~
BASKET AVAILABILITY
SHOP
QUEUE
CHECK-OUT
COUNTER NUMBER )
OCCUPANCY
RETURN
LEAVE

Figure 1-4. Elements of a supermarket model.

attributes, and activities. Notice that the concept of a supermarket as a whole does
not appear as an entity. It defines the systern boundary and therefore distinguishes
between the system and its environment. The arrival of customers in this descrip-
tion of the system will be regarded as an exogenous activity aflecting the systam
from the environment. If, in contrast, the s:udy objectives include analyzing the
eflects of car parking facilities on supermarket business, the boundary of the system
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woull need to include the parking lot. The z2rrivail of a customer in the supermaker
deznends tpon Gnding 2 parking space, wlhich caa depend upen the dzparire of
cesiomers. Customezr arrivels o the supermaiXer then beocume zr endcrenous
activity; the arrival o cars becomics an exozenous zctivity.

Cther.d=cisions about the system study objectives are iraplied in the model.
The number of items of shopping is represented as an attribute of the shoprer. but
no distinction has been mads absut the pype cf item. Secendly, no prevision has
beer mad: in the system model for the effects of congestion on shopping time. If
these dacisions are not in kesping with th= study objectives, another form of mode!
must be used. In the first case, where type of item is to be distinguishzed, it is
nzcessary to aefine several attributes for each customer, one for each type of item to
be purchassd. In the second case, where allowance for congsstion must be mads,
two approaches could be taken. It may be necessary to introduce naw entitics

_Tepresentiag the various sections of the supermarket and establish as attributes the

number of customers they can serve simultanecusiv. Altemnagively, the aciivity of
shopping could be repressated by a function in wWhich shopping time depends upon
the number of shoppers in the supermarket.

It is not suggested that Fig. 14 represznts a formal process by which 2 transi-
tion can be made from a verbal d=scripticn ¢f a system to the structure of 2 modzl.
It merely iilustrates the process involved in forming a model.

1-6

Types of Models

Models usad in system studies have been classified in many ways, (8), (9), (16),
and (17). The classifications that will be used here are illustrated in Fig. 1-5. Models
will first be separated into physical models ot mathematical mecels.

Physical models are based on some anzlogy between such systems as mechanical
and electrical, (4) and (11), or electrical and hydraulic, (10). In a physical model of
a system, the system attributes are represeated by such measurements 25 a voltags
or the position of a shaft. The system activities are reflected in the physical laws
that drive the model. For example, the rate at which the shaft of a direct current
motor turns depends upon the voltage applied to the motor. If the applizd voltage
is used to represent the velocity of a vehicle, then the number of revolutions of the
shaftis a measure of the distance the vehicle has traveled; the higher the voltage, or
velocity, the greater is the buildup of revolutions, or distance covered, in a giver
time, ’

Mathematical models, of course, use symbolic notation and marhematical
eguations to represent a system. The systzm attributes are represented by variablzs,
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and the actvities are represented by matbemauczal functions that interrelats the
varizbles.

A second distinction will be between sratic models and dynamic models. Static
mod=ls can only show the values that system attributes take when the system is in
balance. Dynamic models, on the other hand, follow the changes over time that
result from the system activities.

In the case ef mathematical modzels, a third distinction is the technique by which
the model is “solved,” that is, actuai values are assizned to system attributes. A
distinction is made between analyrical and numerical methods. Applying analytical
techniques means using the deductive reasoning of mathematical theory to sclve a
mod=L In practics, only certain forms of equations can be sclved. Using analytical
techniques, tharefore, is 2 matter of finding the modzl that can be sclved and best
fits the sysizm being studisd. For example, linear differential equations can be
solved. Knowing this, an engineer who restricts the dzsscription of a system to that
form will deive a model that can be solved analytically.

Numerical methods involve applying computational procedures to solve
equations. To be strictly accurate, any assignment of numerical values that uses
mathematical tzbles involves numecrical methods, since tables are dzrived numer-
ically. The distinction being drawn here is that analytical methods produce solu-
ticns in tractable form, meaning a form where values can be assigned irom available
tabizs. Making use of an analytical solutica may, in fact, require a censidzrabie

e st Y T L W R T snbern s
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10 : System Modais f Ch. 1

amount of computation. For example, the soluticu may be derived in the form of a
comrpitcaied integral which then nseds to be expanded as a power series {or evalua-
tion. However, mathamaticai theory for ma¥king such expansions evizts, and, in
prisciple, any degree of accumcy in thz sclution is obtainzble 1f sufficient efforr is
cxpencded.
As wiil be discussed more fully in Chap. 3, system simulation is considzred to bz
2 numesical cocmputation teckrique tsed in conjunction with dynamic mathemat-
ical inodels. Simulation modecls, therefore, are shown under thzt heading in Fig. 1-5.
Yet another distinction by which modcls are often classified is between deter-
ministic and stochastic: the latter term meaning that there are random processes in
the system. As will be discussed in Chap. 14, the introduction of stochastic processes
in a simulation model complicates the task of interpreting results, and it increases
the amount of work to be dons. It does not, however, change the basic technique by
which simulation is applied, so this distinction has not been made in Fig. 1-5.

1-7

Static Physical Mcdels

Thz best known exampices of physical models are scalz models. In shipbuilding,
making a scale model provides a simpic way of determining the exact measuremerts
of the plates covering the hull, rather than having to produce drawings of com-
plicated, three-dimensicnal shapes. Scientists have used models in which spheres
represent atoms, and rods or specially shaped shests of metal connect the spheres to
represent atomic bonds. A model of this nature played an important role in the

deciphering of the DNA molecule, work that was the subject of a Nobel Prize
award, (19). These models are static physical models. They are sometimes said to
be iconic models, a term meaning “look-alike” (7).

Scale models are also used in wind tunnels and water tanks (1) in the course of
designing aircraft and ships. Although air is blown over the model, or the model is
pulled through the water, these are static physical models because the measure-
ments that are taken represent attributes of the system being studied under one set
of equilibrium conditions. In this case, the measurements do not translate directly
into system attribute values. Well known laws. of similitude are used to convert
measurements on the scale model to the values that would occur in the real system,

(5) and (13).
Sometimes, a static physical model is used as a means of sclving equations with
particular boundary conditions. There are many examples in the field of mathe-

For example, the flow of heat and the distribution of electric cl.arge through space

W

Rt T

TR, AU . T IO WA A 2 MR, b B i AN B e M s

Dipindai dengan CamScanner

{ I Al S | S ST M 00 M 0oL AN IS AP, Pl 1. e SO L W) LN i o W TP (LT GIEIAL 35



Dynamic

Sez.1-8 [/ Dyn3mic Physical Models 11

can be related by common equations. In gencral, these equations can oaly be soived
for simple-shaped bodies. [n practice, solutions arc needed for speciéic. complicated
shapes. The distribution of heat in a2 bodv can be precitied by encicsiig a space

that ias the sumce shape as the body, 2and measuring the charge in the cpace when
the surface of the space has been clectrified jn a mznnzr that refizcts the way heat
will be injected into the body, (2).

1-8

FPhysical Modzls

Dynamic physical models rely upon an 2nalogy between the system being
studied and some other system of a different nature, the analogy usually depending
upon an underiying similarity in the forces governing the behavior of the systems.
To illustrate this type of physical model, consider the two systems shown in Fig.
1-6. Figure 1-6() represents a mass that is subject 10 an applied force F(r) varying
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(a) Mechanical System th) Electnical System ™

Figure 1-6. Analogy between mechanical and electrical systems.

with time, a spring whose force is proportional to its extension or contraction, and 2
shock absorber that exerts 2 damping force proportional to the velocity of the mass.
The system might, for example, represent the suspzsnsion of an automobile wheel
when the automobile body is assumed to be immobile in a vertical direction. It can
be shown that the motion of the system is described by the following differential
equation:?

Mx + Dx + Kx = KF(1)

3The= derivation of this equaiion wiii be given in Sec. $-Z.
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where x is the distance moved,

Af is the mass,

X iz the stiffnass of the spring,*

D is the daraping facior cf the shock absorber.

Figure 1-8(b) represcats an ¢lectrical ciccuit with an inductance L, a resistance

R, and a capacitance C, connected in serics withk a voltage source (hat varies in tine
according to the function £(r). If 7 is the charge on the capacitance, it can be shown
that the behavior of the circuit is governed by the fcliowing differential €quation:

Inspection of these two equations shows that they have exactly the same form
and that the following equivalences occur between the quantities in the two
systems:

]
{

Displacement x Chargs a
Velocity x Current I(=4g)
Force F Voltage E
Mass M Inductance L
Damping factor D Resistance 'R
Spring stiffpess K 1/Capacitance 1/C

The mechanical system and the clectrical system are analogs of each other, and
the performance of either can be studied with the other. In practice, it is simpler to
modify the electrical systam than to change the mechanical system, so it is more
likely that the electrical system will have been built to study the mechanical system.
If, for example, a car wheel is considered to bounce too much with a particular
suspension system, the electrical model will demonstrate this fact by showing that
the charge (and, therefore, the voltage) on the condenser oscillates excessively. To
predict what effect a change in the shock absorber or spring will have on the pet-
formance of the car, it is only necessary to change the values of the resistance or

" 4The constant £ i; included on the right-hand side of th= equation as a matter of convenience.
To demonstrate the characteristic behavior of a system, it is customary to show its response to

a step-function of force, that is, a steady force applied when the body is stationary. The step-
function is usually taken to be of unit magnitude, :

If the system is stable, its response settles to a steady value. With X on the right-hand side
of the equation, the steady value is always 1. This makes it possible to draw the responses for
different.values of coefficients on a common graph, as will be done in Fig. 1-9. Interpreting
F(r) as being a unit step-function means that the applicd force is actually a step-function of
magniiuds £
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condernser 1 the clectrical circuit and observe the eifect on the vay the voirg..
varies,

If, in (acr, the mechzmeal systern were as simple as aflosrraecd. 0 couig o,
studicd by soiving the mathzmatical equation derived tn cutublinhing the cnatan,
However, €ffects can casily be intreduced that would mate the mathemuar:cy)
equation difficult to soivz. For example, if the motion of trne wheel iv himited b,
physical stops, 2 non-iinear equation that is diificult te solve will be needed 1a
describe the system. It is easy to model the effect electrically by placing himits on the
voltage that can exist on the capaciiance.

- 1-9

Static Mathematical Models

A static mode! gives the relationships between the sysiem attributes when the
system is in equilibrium. If the point of cquilibri'um is changed by aitering any of
the aitribute values, the model enables the new values for all the attributes to be
derived but does not show the way in which they changed to their new values.

For cxample, in marketing a commodity there is 2 balance between the supply
and demand for the commodity. Both factors depend upor price: a simple markcr
mode! will show what is the price at which the kalance occurs.

Demand for the commodity will be low when the price is high, and it will
increase as the price drops. The relationship between demand, denoted by Q, and
price, denoted by £, might be represented by the straight line marked “Demand™ in
in Fig. 1-7 * On thc other hand,-the sup;ﬁly can be expected to increase as the price
incrcases, because the supplicrs see an opportunity for more revenue. Suppose sup-
ply, denoted by S, is plotied against price, and the relationship is the straight line
marked “Supply™ in Fig. I-7. If conditions remain stable, the price will settle to the
point at which the two lines cross, because that is where the supply cquals the
demand. ) :

Since the relationships have been assumed linear, the complete market model
can be written mathematiczlly as follows:

Q=a—bP
S =c - dP
S=0

5This description makes price the independent variable, and demand the dependent variable.

However, Figs. 1-7 and [-8 piaiz price =long ifc yerlica!l zoiy in Qrdor 10 onlior: wrth 2l
practice normally used in the literature of economics. See (18).
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Figure 1-7. Linear markel madal.

The last equation states the condition for the market to be clearcd: it says supply
equals demand and, so, determines the price to which the market will settle.

For the model to correspond te normal market conditions in which demand
~goes down and supply increases as price goes up the cocflicients b and o necd to be
positive numbers. For realistic, positive results, the cocfficicnt a must also he
positive. Figure 1-7 has been plotted fur the following values of the coctiicrenis:

a:== 600
b= 3,000
= —100
d== 2000 -

-~

The fact that linear relationships have been assumed allows the model to be
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Sec. 1.5 1 Staus Madhematcal Models 16

solvea anzlytizaliy. The equilibrium market price, in fact, is given by the foilowing

SXpression;

With :he chesen values, the equilibrium pricz s G.14, which corresponds to a
supply of 180.

More usually, thz demand will 2 represented by a curve that slopes downwards,
and the supply by a curve that slopes upwards, asllustrated in Fig. 1-8. It may not

Uemand. Q

-

P, PRICE

QUANTITY

Figure 1-8. Non-linear market model.

then be possible to express the relationships by equations that can be solved. Some
numeric method is then necded to solve the equations. Drawing the curves to scale
and determining graphically where they intersect is one such method.

In practice, it is difficult to get precise values for the cocficients of the model.
Observations over an extended period of time, however, will establish the slopes
(that is, the values of b and d) in the neighborhood of the equilibrium point, and, of
course, actual experience will have established cquilibrium prices under various
conditions. The values depend upon economic factors, so the observations will
usually attempt to correlate the values with the economy, allowing the model to be
uscd as a means i iorecasiing changes in market coaditions icr amiciapaisd
cconomic changes.
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1-10

Dynamic Mathkematical Viodels

A cdynamic rmathematical model allows the changes of system atlributes 10 be
derived as a funciion of #me. The derivation may be made with an analytical
sofuiion or with a numerical cemputation, depending upoon the complexity of the
model. The equation that was derived to describe the behavior of a car whecl is an
example of a dynamic mathematical model; in this case, an equation that can be
solved analytically. It is customary to write the equation in the form

I+ Uowx + o*x = 0*F(I) (1-1)
where 2{ewr = D/M and w? = K[M.

Expressed in this form, sclutions can be given in terms of the variable wr.
Figure 1-9 shows how x varies in responsc to 4 steady force applied at time r =0

—
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as would occur, for instance, if a load were suddeniy placed on the automobiie. E
Solutions arec shown for several values of {, and it can be seen that when ( is less i
than 1, the motion is oscillatory. i
The factor J is called the danping ratio and, when the motion is oscillatory, the i

/ (=01 i

1.8 | :

1.6 — s =03 :
14— - . (=07 g

- |
{

- - {
o /\ :

" X 10 |~ B \/ .
08 }- i

) {

0.6 |- i |

i

!

+

04 I=10 j

s 1

0.2 = 2.0. ‘:

{ ] 1 1 1 ! L 1 1 J i

(] 2 4 6 8 10 i2 14 16 18 20

cor 3

Figure 1-9. Solutions of second-order equat:ons, 'E
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{frequency of osciliation is determined from thz farmula
w = 2nf

whers fis the aumber cof cycices per second.

Suppose a case is selzcied «c fepreseanting a satisfactory frequency and damping.
The relationships given above between £, w, M, X, and D show how (o select the
spring and shock absorber to get that type of motion. For example, the conditicn
for the motion to occtur without oscillation requires that > 1. It can be deduced
from the d=finition of { and o that the condition requires that D? > 4AfK.

1-31

Principled Used in Modeling

It is not possitle to provide rules by which mathemati_al models are built, but a
number of guiding principles can be stated. They do mot describe distinct steps
carried out in building a mode!. They describe different viewpoints from which to
judge the information to be included in the model.

(a) Block-building

The description of the system should be organized in a series of blocks. The aim
in constructing the blocks is to simpiify the specification of thc interactions within
the system. Each block describes a part of the system that depends upon a few,
prcferably ong, input variables and resultsin a few output variables. The systemasa
whole can then be described in terms of the interconnections between the blocks.
Correspondingly, the system can be represented graphically as 2 simple block
diagram. .

The description of a factory given in Fig. 1-2 is a typical example of a block
diagram. Each department of the factory has been treated as a separate block, with
the inputs and outputs being the work passed from department to department. The
fact that the departments might occupy the same floor space and might use the
same personnel or the same machines has been ignored.

(b) Relevance

The model should only include those aspects of the system that are relevant to
the study objectives. As an exampic, if thc iaciory sysicivt study aims to compare
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the etTects ol different operating rules or eificiency, it is not relevant (0 consider ihe
hiring of employecs as 2 achivity. While ircelevaar information ia the model may
rot do any harm, it should e excluded because it increasss the complexity of ihe

mo«d=t aind cavses diore work in solviny the modszl

(c) Accurscy

The a~curacy o{ the information gathered for the model should be considered.
In the aircraft system, for example, the accuracy with which the movement of the
aircraft is described depends upon the representation of the airframe. It may suffice
to regard the airframic as a rieid body and derive a very simple relationship between
control surface maovement and aireraft heading, or it may be nec=ssary to recognize
the flexibility of the asrframe and make allowance for vibrations in the structure. An
engineer respoasible for estimating the fuel consumption may be satisfied with the
simple representation. Another engineer, responsible for coasidering the comfort of
the passeagers, needs to consider vibrations and will wani the detailed description of

the airframe.

(d) Aggregation

A further factor to be considered is the extent to which the number of individual

entities can be grouped teogether into larger entities. The general manager of the
factory may be satisfied with the description that has been given. The production
control manager, however, will want to considzr the shops of the departments as
individual entitics.

In some studies, it may be necessary to construct artificial eatities through the
process of aggregation. For example, an economic or so<ial study will usually treat
a population as a number of social classes and conduct a study as though each social
class were a distinct entity.

Similar considerations of aggregation should be given to the representation of
activities. For example, in studying a missile dz{ense system, it may not be nacessary
to include the details of computing a missile trajectory for cach firing. It may be

sufficient to represent the outcome of many firings by a probability function.-

Exaercisaes

1-1 Extract from the following description the entitiss, attributes, and activities
of the system. Sh:ps arrive at a port. They dock at a berth if one is available;
otherwise, thay wait until one becomes 2vailahls, Thev ars unloaded by one
of scvcral work gangs whose size dcpcnds upon the ship’s tonnage. A ware-

T ——
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house contains A new cargo for the ship. The shig i< loaded and ther depars,
Suggzct two exozenous events (other than arrivals) that may need (o be taken
intc acccount.

Name three cr jour of the principal entitics, attribuies, and activities to be
considerag if y:)u werz (o simulate the operztion of {a) a gasoline filliny
station, (b) a cafetenia, (c) a barker shog.

A ncw bus routz is to be added to a city, and the traffic manageristo dster-
mins how many extra buses will be needzd. What are the three key auributes
of the passengers and buses that he should consider ? If the comipany inanager
wants to assess the effect of the new route on the transit system as a whole,
how would you suggest ke aggregate the features of the new line to form part
of a toral system model? Would you suggest a continuous or discrete model
for the traffic manager and the general manager?

In the automobile wheel suspension system, it is found that the shock absorber
damping force is not strictly propertional to the velocity of the wheel. There
is an zdditional force component equal te D, times the acceieration of the
wheel. Find thz new conditi0n§ for ensuring that the wheel does not oscillate.

A woman does her shopping on Mondays, Wednesdays, and Fridays. If it is
fine, she walks to the storss; otherwise, she takes a bus. She alvrays takes the
bus home. On Tuesdays, she visits her daughter, traveling there and bazk by
bus. Assuming that information is available about the day of the week and
the state of the weather, draw a flow chart of her movements.
In the aircraft system, suppose the control surface angie y is made to be A
times the error signal. The response of the aircraft to the control surface is
found to be 16, + D8, = Ky. Find the conditions under which the aircraft
motion is osciilatory.
Suppose the automobile body in the suspension system example is not
stationary. Consider the body to have a mass of Af,, and assume that its
motion is determined by the force of gravity and the reaction with the
suspension system. Construct a medel for the motions of the wheel and body.
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