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xii Preface
Some familiarity with programming concepts is assumed, but no knowledge of any
particular programming language is needed asa prerequisite. In addillion,familiarily
with the concepts of statistics and probability iheory will be helpful, although two
chapters review the required theory. Many areas of application are discussed,
but the technical details are kept simple so that the book will be uscful io students
of different backgrounds. A-course based on the text ould be introduced at the
senior undergraduate or graduate level in many disciplines.

The first chapter discusses ths types of models that are basic to any simulation.
The secord chapter considers the topic of organizing a system study. The nature
of the <imulatinn technique is then intrcduced in Chapter 3. Conlinuous-systemt
simulation is examined in Chapter 4, and its application to System Dynamics
stud}cs is illdstrated in Chapter 5. Chapters 6 and.7 are the ones that intrcduce
the necessary statistics and probability theory.

The application-of discrete-system simulation is demonstrated in Chapter §,
using a hand-worked example of a S|mplc telephone-system. Two chapters are
then devoted to GPSS, followed by two chapters describing SIMSCRIPT. In both
cases, the first of the two chapters is scl(-containcd, and would be sufficient for
students needing only a brief introducticn. The second chapter in each case
fncluc:.lcs, as a worked-cut example, the same telephone-system problem presented
in Chapter 8, thus giving an opportunity to compare the three approaches.

Chapter 13 discusses the programming techniques involved in the design and
construction of simulation programmlng systems. Its prime interest will be to stu-
dents concerned with the cvaluatlon and design’ of simulation languages. The last
chapter; also, is of 2 more :echmu\l nature, since it discusses the topic of analyzing
statistical outputs of simulation runs.

" I would like to thank CAGCI, Inc., for providing the SIMSCRIPT listings used

in Chaptcni 11 and 12, and Dr. E. C. Russell for his gencrous help in both correct-

s

:ng !hc SIMSC RTPT cxamples and reviewing those chapters.

S . - . ‘GEOFFREY GORDON
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SYSTEM MODELS

1-1

The Concepts of a System

The term system is used in such a wide variety of wéys that it is difficult to
produce a definitior-broad enough to cover-the many uses and, at the same time,
concis¢ enough to serve a useful purpose, (6), (12), and (20).! We begin, therefore,
with a simple definition of a system and expand upon it by introducing some of the
tcrms that are commonly used when ‘discussing systems. A system is defined as an -
aggrcgahon or-assemblage -of objects joined in some regular interaction or inter-
dependence. While this definition is broad enough to include static systems, the
principal interest will be in dynamlc systcms where the interactions.cause changes
over time.

As an example of a concebtually simple system, consider an aircraft flying
under the control of an ?ulopxlot (see Fig. 1-1). A gyroscope in the autop:lot
detects the difference between the actual heading and the desired heading. It sends
a signal to move the control surfaces. In response to the control surfacc movement,
the airframe steers toward the desired heading. . .

- As a second example, consider a factory that makes-and assembles parts intoa
product (see Fig. 1-2). Two major componcnts of the system are the fabrication

.

Parenthetical numbers in text refer to items in bibliography at end of chapter.
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2 . System Models [/ Ch.1 Sec.1-2 / System Environment . 3 3
3 : Attributes are such factors zs the quantities for each order, typs of part, or number
DESIRED b GYROSCOPE £ =, g&'{‘gﬁf‘cogg - » AIRFRAME ‘ : of machines in o department. : T
HEADING . : o Figure 1-3 lists examples of what might be cousidered entities; attributes, and
. : R B . activities for a number of other systems. If we consider the movement of cars as a
‘. : l : traffic system, the individual cars are regarded as entitics,.cach having as attributes
ACTUAL HEADING % its speed and distance traveled. Among the activities is the driving of a car. In the
' ) : H case of 2 bank system, the customers-of the bank are’entitiés with the balances of
Figure 1-1. An aircrat under sutoplat cortick their accounts and their credit statuses as attributes. A typical activity would te the
p action of making a deposit. Other examples are shown in Fig. 1-3.

PRODUCTION : . ]
CONTROL i
DEFT.

L

CUSTOMER R : g
ORDERS Y N I

AL .'~_

o bs 7.' : ey ':7.\ 5 LA 2 ST iy e
TRAFFIC CARS SPEED DRIVING
. DISTANCE
‘ . ' 1

'
‘ . ' =) J o k4 BALANCE :
. BLY SHIPPING FINISHED ¢ BANK CUSTOMERS - DEPOSITING
:,IALS PURSS#ING FAB‘l_l)IECPo}rTION ASSDFE:BSTL ' thatls _FINISHED ' R E Ao .
e , 4 LENGTH N
* - . Figure 1-2. Afactory syster. . : COMMUNICATIONS | MESSAGES SRIORTLY TRANSMITTING
e ‘ a'cp'artmcnl making the parts and the assembly departruent producing the products. SUPERMARKET CUSTOMERS SHOPPING LIST | CHECKING OUT

-+ -A- purchasiog department maintains a supply of raw mfitcrials and a shfpping
department dispatches the finished products. A production control department
receives orders and assigns work to the other dcpartmcn.ts. 5 ' .

..., - Inlooking at these sjvs(épns. we sce that there arc.o;ptmla' dl‘sh_m::t O.bJOClS, cach. of
2 . “which posssscs properties of interest. There are also certain lntc.racu.ox_xs occusTing
: . .:.jn,thei system A{hat_ cause ‘changes in. the system. Thc lcrm.enmy will be used to
-, -denoteen object-of interest in a-system; the term attribute Y““ dcn?tc a property of
" an entity. There can, of course, be many attributes to a given entity. Any process A -

" that causes changes in the system will be ca.li;d an af{mty. T.hc.term state of t-he . .
system will be used to mean a desctiption of all the entitics, atiributes, and activities ..} 1-2
“as they existat one jﬁoit-x; intime. ’!'hc progress of the system is studied by following
the changes in the state of the system.- - y CoL . ' :
In the description of .the;,a_f‘(ga_ft_systcm,.thc Enfiies of the .sy.stcmhz;rc - A system is often affected by changes occurring outside Alie system. Some
" girframe, the control surfaces, and the gyroscope. L SRS S da?t'?rs system activities may also produce changes that do not react ‘on the system. Such
as speed, control sutface angle, and gyroscope scting. The activitics arc thedrung chanes occurring outside the system aré said o occur in the spstem environment.
of the control surfaces and the response of the m‘c to the control surface An important step in modeling systems is to decidé upon the boundary between the
moveméats. I the factory system, the catitics are the departm cpts_,,o:’@i ecs, parts, system and its cavironment. The decision may dspg}d"upbn the purpose of the
"and products. The activities arc the manufacturing processes of thc departments. study. ; ) z ston 1 . it '

" Figure 1-3. Examples of systems. - -

The figure, does not show a complete list of all entities, attribiites, and activities

for the'systems. In fact, 2 complete list-cannot be -made without knowing the

* purpose of the system description. Depending upon that purpose, Various aspects
of the system will be of interest and will determine. what needs to be” identified.

|
System Environment i ‘n
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In the case of thc'faclory-.sys!cm, for example, the fuctors controlling the
atfival of orders may be considered to be outside the influence of the factory and
therefore part of the envifonment. However, if the effect of supply on demand is to
be considered, there will be a rclauonslup between factory output and armival of
orders, and this relationship must be. considered an activity of the system. Similarly,
in the:case of a-bank system, .there may bea limit on the maximum interest rate
that-czn be paid.. Forthe study of a single bank, this- would be regarded as a
constraint imposed by the environment. In a study of the eflects of monetary laws
on the banking industry,. how:vcr, the setting of the limit would be an-activity of
the system. Co e
.The term. endog‘naus is used to dcscnb< activities oocumng w:dun the system

and ihe term exogenous is uscd'to dmnbc activities in the cnv:ronmcnt that affect

:

the system. A system for whlch thcrc is no .,xogcnous activity is said tobea dosed
system in contrast to an’ open systcm wh:ch does nave exogenous activities.

-
v

13-

chastic Activities

One other dlstmcuon that needs to be drawn between actlvmcs depends upon
lhc manner in which they.can be dcscnbed -Where the outcome of an activity can be
described completely in terms of its mput the actmty is said to- be, deterministic.
thrc the effects of theactivity vary’ random.ly over vanous pos<1blc outcomcs the

: actmtv is said to be stochastic. :

The randomness of a stochastic activity would seem to lmply that the activity’
;s part of the system environment singce the cxact ouwomc at ary timeis not known.
. However, t the random outpuit can oftcn be mcasurcu 'and dw:nbed in the form of 2
probabxhty dxstnbuﬂon. If, howevcr, ghe occurrence of the actmtyzs random, it will

" constitute part of the envuonn;cnt_ For. cxamplc. in the case of the factory. the time
T _taken for a. macbmmg opcmuon_may necd to be dacnbcd by-a.probability dis-. -

" tribution but machmmg would be coasidered to be an cndogcnqus activity. On the

. other hand, there may.be power failures at mndom mtuvals of tunc. They would__' ;
be the. rcsult of 4o exogchous?cdv,lty .

“Ifan act.mty is :.ruly-stoebast 1hcrc is

clcvator after they baye* Béen taken 1o a ﬂoor. “could bc connectod with their
haymg lcft.the cl:vator By issxgning the ‘time théy :tay on .tlw ﬂoor. In most

Ay

"'models nowcvcr. leavmg'and rg—ent’zy would bc txmtcd as scparatc szocms‘:ic_

known cxpranatxon fonts mndom- e
' ncss ‘Sometimes;; howcvef; wheén. it cqmm 100, muqh detad or JS]ust 00 muchi ‘
" trouble.to describé anm:ﬁvxty' Fully; the  activity.is represent ted-as-stochastic. For B
cxamp]e in modecling eicvator scnnoc ina bmldmg. the rc-cntry of pcoplc info the- i

edem P ok featt e

_Sec.1-4 | Continuous and Discrete Systems . 5

activities, connected only by the fact that the mean rates at whlch they transfer
people are cqua]

Assembling the data for a model will often involve an element of uncertainty
that arises from sampling or experimental error. A value for some attribute of a
model, which is known to be fixed, must be selected from z number of recorded
values that coniain random errors. Deciding on the best estimate is a statistical
exercise. Usually, an arithmetic average will be considered sufficiently accurate.

- A
1=

Continuous and Discrete Systems

The aircraft and factory systems used asexamples in Sec. 1-11espond to environ-
mental changes in differest ways. The movement of the aircraft occurs smoothly,
whercas the changes in the factory occur discontinuously. The ordefing of raw
materials or the completion of a product for cxdmplc, occurs at specific points in
time. -

Systems such as the aircraft, in which the changes are predominantly smooth,
are called continuous systems. Systems like the factory, in which changes are
predominantly discontiauaus, will bc called discrete systems. Few systems are
wholly continuous or discrete. The aircraft, for example, may make discrete
adjustments to its trim as altitude changes, while, in the factory cxamplc, machining-
proceeds continuously, even though the start and- finish of a job are discrete
changes. Howcvcr in most systems one type of changc prcdom.nales, so that

' systcms can usually be c]asnﬁcd as being continuous or- discrefe.

The complete aircraft system might even be rcgardcd as a discrete system If the
purposc of studying the aircraft were to follow its’ progress” a]ong its scheduled
route; with a view, pcthaps to studying air traffic problcms, there would be no
point in following preciscly how the aircraft turns. It would be sufﬁc;cntly accurate
o treat changes of heading at scheduled turning points as bemg made instantane-
ously, and so regard the system’as being discrete.

In addition, in the factory.system, if the number of pans is suﬁcncntly large,
there may be no point in- trca{mg the numbcr as a discrete vanablc. Instead, the
numbcr of parts might be représented by a continuous variable with the machining
activity controlling the rat¢ at which paris flow from one state to’ another This is,
in fact, the approach ofa modclmg techmquc mllod Systcm Dynamm wh:ch will
be dnscuss:d Jin Chap. 5.

Thcr: are also systems that are mtnnsmlly continuous but mformat:on about
\‘h:m is gnly ﬂv’!"“]’ at d-emf- nointe.in’ time. ‘Tb.:s-: are cs“*d sampled-data
systcms. (lS) The study of such systcms mclud@ the problcm of detcrmmmg thc
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effects of the discrete sampling, especially when the intention is to control the sys-

tem on the basis of information gathered oy the sampling.. ‘
" "This ambiguity in how a system might be represented illustrates an important

" point. The description of a system, rather than the nature of the system itseif,

determines what type of model will be used. A distinction nceds to be made because,
as will bcdiscusse:j later, the general programming methods used to simulate

" continuous and discrete models differ. However, no specific rules can be given as to

presented. The purpose of the model, coupled

how a particulat system i5 to be re ‘ ‘
del should not be more complicated than is

with the gzeneral principle that a mo or
needed, wiil determine the level of detail and the accuracy witin which a. 1nodel
needs to be developed. Weighing these factors and drawing on the experier.ce of
knowled geable péoplc will decide the type of quel that is needed. P

1-5 ' 4 )

ystem Modeling

To study a system, it is sc;mctimcs possible to c:-Kpcrimcnt.wilh the system 2tscl.f.
The objective of many system studies, however, 1s to prcdlc_t how a system will
perform before it is built. Clearly, it is not feasible to ex!:)cnmcnt. with a sy?(cm
while it is in this.hypothetical form. An alternative that is sometimes usc.d is to
construct a number of prototypes and test them, but this‘ can be very f:xpcnsnyc and
time-consuming. Even with an existing system, it is likely to. b'c |mpossl.b1c or
impractical to expeniment with the actual system, For example, it is not feasible to
study economic systems by arbitrarily changing the suP;?Iy and §cmand of goods.
Consequently, system studies arc generally conducted with fx mo:dcl of the s_ystcm.
For the purpose of most studies, it is not necessary to c.or.mdcr all _thc c?ctml.s ofa
system; so a model is not only a substitute for a system, itis also a simplification of,

: 14). S .
‘hcgzt::lé:e a) model as the body of information about a system Fathercd for the
purpose of studying the system.? Since the purpose of thie study will determine the

nature of the information that is gathered, there is no uniqus model of a system. - -

Diflerent models of the same system will be produced by different analystsinterested

"in different aspects of the system or by the same analyst as his understanding of the_

system changes. . . - o o
The task of deriving-a ‘model of a system may be divided broadly intg’ two

" subtasks: establishing the model structure.and Sl-!pplyin‘g the data. 'Est‘ablif_hiﬂg the
. simétu'r‘c'dctcrmincs the system boundary and identifies the entities, ‘attxitzutc's, and-

n v . v e e e . o
t31n the case ol u plysical moded, {le information is embodicd ik tiic proper(ics of the rpodel,
{n contrast to the symbolic representation in z.mngljncmaﬁal model. - )

Sec.1-5 / System Modeling ' . 7

activities of the system. The data provide the values the attributes can have and
define the relationships involved in the activities. The two jobs of creating a struc-
ture and providing the data are defined as parts of one task rather than as (wo
separate tasks, because they are usually so intimately related. that neither can be
done without the other. Assumptions about the system direct the gathering of data,
and analysis of the data confirms or refutes the assumptiors. Quite often, the data
gathered will disclose an unsuspected relationship that changes the model structure.

To illustrate this process, consider the following desciiption "of a supe:-
market, (3). . .
. Shoppers needing soveral dems of shopping artive at asupeumarket. They gol a
basket, it one is available, carry out their shopping, 2nd then queue to check-out at
one of the several counters. ;

Atter checking-out, they return the basket and leave .

Certain words kave been italicized because thiey are considered to be key words
that point out some feature of the system that must be refected in the model.
Essentially the same description is rewritten in Fig. 14 to_.identify the entities,

AR )
SHOPPER | NO OF ITEMS .
ARRIVE
GET ~ .
BASKET AVAILABILITY A
: SHOP
QUEUE:
: .. | cueck-oUT
COUNTER NUMBER
OCCUPANCY .
RETURN
- : "LEAVE

bl . ] &
Figure 1-_‘4. Elements of a supermarket model.

at@bulm, and activities. Notice that the conce;}; of a supermarket as a whole does
not'appear as an entity. It defines the system boundary-and therefore distinguishes
between the syster and its environment. The, arrival of customers.in this descrip-

- tion of 'thc system will be regarded as an exogenoys activity affecting the system
‘from the environment. If, in contrast, the study. objectives include analyzing the

effects of car parking facilities on supérmarket Business, the bouridary-of the system
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would need to include the parkinglot. The arrival of a customer in the supermarket
dcpﬁnds upon finding a parking spacc, which can d_epcnd upon the departure of
customers. Customer arrivals in the supermarket lh.cr.\' becore an endogzenous

activity; the arrival of cars becomes an exogenous activity. o
Other.decisions about the system study objectives are lrpphcd in the modcl.'
The number of items of ‘shopping is represenied as an attribute of the sho;';;_xr, but
no distinction has bsen made ab?ut the type of item. Sc?qndly, no pr?vm?n has
beerr made in the system model for the effects of congestion on shopping time. If
s arc not in keeping with the study objectives, another form of model

‘liese decisicas are

must be used. In the fitst case, where type of item is to be distinguished, it is .

necessary to aefine several attributes for each customer, one for c'éch type of item .to
be purchased. In the second case, where allowance for gx_)ngcstwn must be made,
two approaches could be taken. [t may be necessary to mtr.oduoc new cnu(:hes
répresenting the various sections of the supermarket and cstab}xsh as aﬂrlblft(.:s e
number of customers they can serve sim.ultafleous'ly. Altcm'a(wcvly, the activity of
‘shopping could be represented by a functlon in Which shopping time depends upon
the numbcr of shoppers in the supermarket. . . '

It is not suggested that Fig. 1-4 represents a formal process by which a transi-
tion can be made from a verbal dcscripti_on of a.systcm to the structure of a model.
It merely illustrates the'process involved in forming a model.

ypesof Models 4 '
nie i Models used in'system studies have been classified in many ways, (8), (9), (16),

ok and'(17) The classifications that will be used here are illustrated in Fig. 1-5. Models

o

PR

%4

“* will first be separated into physical models ot mathematical models.

RS ph'ysiél miodels are based onsome analogy between such systems as mechanical

" and electrical, (4) and (11), or electrical and hydraulic, (10). In a physical model of

" a ‘system, the system attributes are represented by such measurements as a voltage
i

or the pbsfﬁon of a shaft. The system activities are reflected in the physical laws

<hat drive the model. For example, the rate at which the shaft of a direct curreat
motor turns depends upon the voliage applied to the motor. If the apph.cd voltage
is used to represent the velocity of a vehicle, then the number of revolutions of the

‘¢haft is a measure of the distance the vehicle has'traveled; the higher the voltage, or

L velocity, the greateris the buildup of revolutions, or distance covered, in 2 givcp

‘ txm.- e-

] _-Mau;éinkti'c'al ‘odels,” of course, use’ symbolic notation and mathematical
.. eqiations to represent a system. The system attribittes are represented by variables,

SIS+ LN

Sec. 1-6 [/ Types of Models

ThoRMAMITa (GYDES

Filgure 1-5 Types of models.

and the activities arc represented by mathematical functions that interrelate the
variables. .

A second distinction will be between sratic models and dynamic model;. Static
models can only show the values that systzm attributes take when the system is in
balance. Dynamic models, on the other hand, follow the changes over time that
result from ths system activities. o

In the case of mathematical models, a third distinction s the technique by which
the model is “solved,” that is, actual values- are assigned fo system attributes. A
distinction is made between analytical and numerical mctt;jods." Applying analytical

.techniques means using the deductive reasoning of inath;matial theory to solve 2

model. In practice, only certain forms of equations can bé solved. Using analytical
techniques, therefore, is a matter of finding the model that can be solved and bes!
fits the system being studied. For example; linear differential equaticns can bt
solved. Knowing this, an enjgineer who restricts the description of a system to tha
form will derive a modci:thgt ‘can be solved analytically, o

Numerical methods! involve applying computational , proo_cdurés to solw

‘equations. To be strictly accurate, any assignment of numerical values that use

mathematical tables involves numetical methods, since tables a;é derived numer
ically. The distinction being drawn here is that analytical methods produce-solu
tions in tractable form, meaning a form where values can be assigned from availabl

" ables. Making use of an analytical solution may, in fact, requirc a considerabi

Scanned with CamScanner



10 | . . System Models / Ch.1

amount of computation. For example, the solution may be derived in the form of a
comphcatcd integral which then needs to be expanded as.a power serie< for evalua-
tion. However, mathematical theoxy for making such expansions exists, and, in
principle, 2ny degree of accuracy in the solution is obtainable if sufficient effort is
expended. :

As will be discussed more fully in Chap 3, system snmulauon isconsidered to be

a numerical computation technique used in conjunction with dynamic mathemat- )

ical mnodels. Simulation models, therefore, are shown under taat heading in Fig. 1-5.
Yet ancther distinction by which models are often classified is between deter-
ministic and stochastic: thie lalter term incaning that thiere are random processes in
the system. As will be discussed in Chap. 14, theintroduction of stochastic processes
in a simulation model complicates the task of interpreting results, and it increases
the amount of work to be done. It does not, however, change the basic technique by
which simulation is applied, so this distinction has not been madein Fig. 1-5.

1-7 |
Static Physical Maodels

The best known examples of physical models are scalz models. In shipbuilding,
making a scale model provides a simple way of determining the exact measurements
of the platcs'covcring the hull, rather than having to produce drawings of com-
plicated, three-dimensional shapes. Scientists have used models in which spheres

’ represent atoms, and rods or specialiy shaped sheets of metal connect the spheres to
represent atomic bonds. A model of this nature played an important role in the
deciphering of the DNA molecule, work that was the subject of a Nobel Prize
award, (19). These models are static physical models. They are sometimes said to
be fconic madels, a term meaning “look-alike” (7).

Scale models are also used in wind tunnels and water tanks (l) in the course of
designing aircraft and ships. Although air is blown over the model, or the model is
pulled through the water, these are static physical models, because the measnre-

'mcnts' that are taken represent atiributes of the system being studied under one set

of equ:hbnum conditions. In this case, the measurements do not translate directly
'mto system attnbute valucs Well known ‘laws.of similitude are used to convert
measuréments on thc scalc model to. thc values that would occur in the real systcm,
(5) and (13). -

Sometimes, a static physml model is used asa means ‘of solving equatnohs vmh
particular boundary conditions: There-are many examples in the field of mathe-
matical physics where the same: cquations apply to different physical pbcnomcm

For cxamplc, the-flow of heat ahd the distribution of electric chargc through spacc'

Sec. 1-8 / Dynamic Pirysical Models n

can be reiated by common equations. In general, these equations can only be solved
for simple-shaped bodies. In practice, solutions arc needed for specific, complicated
shapes. The distribution of heat in a body can be predicted by enclosing a space
that has the same shape as the body, and measuring the charge in the space when
the surface of the spacc has been electrified in a manner that reflects the way heat
will be injected into the body, (2).

1-8

Dynamic Fhysical Models

Dynamic physical models rely upon an analogy between the system being
studicd and some other system of a different nature, the analogy usually depending
upon an underlying similarity in the forces governing the behavior of the systems.
To illustrate this type of physical model, consider the two systerns shown in Fig.

" 1-6. Figure 1-6(a) represents a mass that is subject to an applied force F(r) varying

T L

. C
D : T

i, . i |
+

)

P

(a) Miechanical Svs(cm‘ o (bl El:cmal Syncm

Figure 1-6. Analogy between machamul and electrical lystems

with time, a spring whose forecns propomonal to its extension or contracuon and 2
shock absorber ﬂ-atc:::rts a da ping force proportional to the vclocxty of the mass.
The system might, for exanple, represent the suspension of an automobile wheel
when the automobile bodylxs assumcd to be lmmobllc i a vértical direction. It can
be shown that the motion of the. system is described by the followxng differential
. equation;? g :

"M%+ D%+ Kx =._KF(g)' '

O O U SN - P SR
3Tne derivation of this équation will be giveriin Sev. 4-Z. .
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where x is the distance moved,
M is the mass,
K is the stiffness of the spring,*
D is the damping factor of ihe shock absorber.
Figure 1-6(b) represents an clectrica! circuit with an inductance L, 2 .rcsista,'ncc
R, and a capacitance C, connected in series with a voltage source tha.t varies in time
according (o the function E(). If g is the charge or: the capacitance, it can be fhown
that the Lehavior of the circuit is governed by the following differeatial equation:
(¢
Li+ Rg+%=EQ
Inspection of these two cquations shows that they have exactly thc_samc form
and that the following equivalences occur between the quantitics in the two

systems: )
L4
Displacement , .x Charge q
Velocity % Current I(=4)
Force r Voltage E
Mass M Inductance L
Damping factor D - Resistance R

Spring stiffness K 1/Capacitance  1/C

The mechanical system and the clectrical system are analogs of each other,and -

the performance of cither can be studied with the other. I'n nractice, it is .r:in.aplcr to
modify the electrical system than to changé the mccbamml system, sc_{ it is more
likely that the electrical system will have been built to study the mcc.hamml sy'stcm.
.. If, for example, a car wheel is considered to bounce too r{mch with a pa.rucular
" suspénsion system, the electrical model will demonstrate thxs‘fact byrshov:/mg that

" the charge (and, ‘therefore, the voltage) on the corfdcnscr osc:l,lz.nes excessively. To
predict what effect a change in the shock absorber or spring will have ofl the per-
formance of the car, it is only necessary to change the values of the resistance or

" 4The constant i; included on (.h: riéht-hand 's,id_c of thq_equadon as a matter o.f convenience.

To .dcmonstnte the characteristic behavior of a system, itis cu-stomary Eo sho-w its response to

a step-function of force, that is, a stcady force applicd when the body is stationary. ‘!,‘helstep-
function is usually taken to be of unit magnitude. ) L )

If the system is stable, its response settles to a steady value. With X on the ng_i(xt—hmd side

of the equation, the steady value is always 1. This makes it possible t«_) dra.w thc:mpon.ss !’or

different..values of coefficients on & comton graph, as will be done in Fig. 1-9- lntu'p‘rcung

. F(r) as being a- unit step-function means that the ap;)ﬁed force is actually a steP-funamn of

N

© 1 g rE—

A
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condenser.in the clectrical circuit and observe the effect on the way the voltag:
varies. . .

I, in fact, the mechanical system were as simple as illusteared. it could be
studied by solving thc mathematical equzation derived in estuhlishing the analopy.

. However, éfiects can easily be introduced that would muke the mathematicul

equation difficuit to solve. For example, if the motion af the wheel is limitcd by
physical stops, a non-linear equation that is difficult to solve will be needed to
describe the system. it is easy to madel the effect clectrically by placing limits ¢n the
voltage that can exist on the capacitance. '

“1-9

Static Mathematical Models

A static model gives the relationships between the system altributes when the
system is in equilibrium. If the point of equilibrium is changed by altering any of
the attribute values, the model enables the new values for all the attributes t0 be
derived but does not show the way in which they changed to their new values.

For example, in marketing a commodity there is a balance betveen the supply
and demand for the commodity. Both factors depend upon price: a simple marker
mode! will show what is the price at which the batance occurs.

Demand for the commodity will be Jow when the price is high, and it will
increase as the price drops. The relationship between demand, denoted by Q. and
price, denoted by P, might be represented by the straight line marked *Dcmand™ in

.in Fig. 1-7 *On the other hand,.the supply can be expected to increase as the price

increases, because the supplicrs see an-opportunity for more revenuc. Suppose sup-
ply, denoted by S, is plotted against price, and the relationship is the straight line
marked “Supply™ in Fig. 1-7. If conditions rcmain itable, ihe price will settle to the
point at whiqh' the two lines cross, because that 1s where thc,,supbly cquals the

- demand.

Since the relationships have jbeen assumed linear, the complete market model
can be written mathematically as follows:

\ : Q=a—bP
L S=c4-dp
s=0
. SThis description makes pricé the independent variable, and demand :thc dependent variable.
Howcver, Figs. 1-7 and 1-§ place paice eitng the vertiest eais fn ordecto conform with U=
practice normally used in the literature of econoumics. Sce (18). »
-
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Figure 1-7. Linear market modsl.

The last equation states the condition for the market to be cleared: it says supply

-equals demand and, so, determines the price 0 which the _nfarkc} will .seltlc.
For the model to correspond 1o nprmal market contil'uons n 'whxch de.mand
‘ges down and supply increases as price goes up the cocficients b and « necd }o be
& pos'iiiv'e ‘humbers. For realistic, positive resulis, the coefficicnt a must also he

positive. Figure 1-7 has been plotted for the following values of the cocfiicicnis:

=i

a== 600

b= 3,000
o o ie==100 Sl
e e 2000y . ‘

i £2t that linear relationships have been Lssumed allows the model to be

Sec.1-9 / Static Mathematical Models . 16

solved analytically. The cquilibrium market price, in fact, is given by the following
expression: - :

2=
P—b.

N

With the chosen values, the equilibrium price is 0.14, which corresponds to a
supply-of 130. ; .

More usually, the demand wili ts represenied by a curve that slopes downwards,
and the supoly by a curve that slopes upwards, as illustrated in Fig. I-8. [t may nct

demand. @

Supply. S .

P. PRICE

QUANTITY

figure 1-8. Non-linear market model.

then be possible to express the relationships by equations that can be solved. Some,
numeric method is then nédded to solve the equations. Drawing the curves to scale
and determining graphically where they intersect is one such method.

In practice, it is difﬂcul'@ {o get precise values for the-coefficients of the model.
Observations over an cfgntcndcd petiod of time, however, will establish the slopes

.(thatis, the values of b ind d)in the neighborhood of the equilibrium point, and, of

course, actual experience will have established equilibrium prices under various
conditions. The values depenid upon economic factors, so the observations will
usually attempt to correlate the values with the.economy, allowing the model to be
uscd as 1 means of Jorecasting changes in market conditions for amzicipaicd
economic changes. ' B ’
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1-10°

ynamic Mathematical Models

A aynamwic matticmatical model allows the changes of system attributes to be
derived as a function of time. The derivation may be made with an analytical
solution or with 2 numerical computation, depending upoa.-the complexity of the
at was derived 1o describe the behavior of a car wheel is an

model. The equation th
an equation that can be

example of a dyriamic mathematical model; in this case,
solved analytically. It is customary to write the cquation in the form

£+ wx + o'x = w*F(1) (1N

where 2{w = D{M and w? = KIM.

Expressed in this form, solutions can be given in terms of the varjable a!.
Figure 1-9 shows how x varies in response {o 4 steady force applied at timcr =0
for instance, if a load were suddenly placed orn the automobile.

as would accut.
and it czn be seen thai whea {is less

Solutions are shown for severz] values of {,

than 1, the mation is oscillatory.
The factor 7 is called the damping ratio and, when the motion is oscillatory, the

=01
18
16 - (=03
14 - (=07

x 10 |- \/
o}
0 |
04
02 |- (=20 ’
1 ] 1 | 1 ! | ! i B
0 -2 4 76 .8. 10 12 14 16 ‘18- 20

wt’

H

Fiaure 1-3. - Solutions of second-order equations.

e e ety ot < e =
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frequency of oscillation is determined from the formula
w = 2nf

where fis the number cf cycles per second.

Suppose a case is selected 5 representing a satisfactory frequency and damping.
The relationships given above between {, w, M, X, and D show how to select the
spring and shock absorber to get that type of motion. For example, the condition
fer the motion to occur without oscillation requires that{ > 1. it can be deduced
frem the definition of { and @ that the condition requires that D* > 4MK.

1-11

Principles Used in Modeling

It is not possible to provide rules by which mathematical models are built, buta
number of guiding principles can be stated. They do not describe distinct, steps
carcied out in bt_;ilding a model. They describe different viewpoints from which to
judge the information to be inciuded in the model.

(a) Block-building

The description of the system should be organized ina series of blocks. The aim
in constructing the blocks is to simplify the specification of the intaractions wi(hin
the system. Each block describes a part of the system that depends upon a few
p_rcferably one, input variables and results in a few output variables. The system as ;
whole can then be described in terms c. the intcrconnections between the blocks
Correspondingly, the system can be represented graphically as 2 simple blocl;
diagram. :

The description of a factory given in Fig. 1-2 is a typical example o-f a block
diagram. Each department of the factory has been treated as a separate block, with
the inputs and outputs bch"x g the work passed from department to dcpanmcn; The
fact that the departments; might occupy the same floor space and might us.c the

_ same personnel or the same ‘machines has been ignored.

(b) Relevance

The model should only, ir_\cluﬂc those aspects of the system that are relevant t
{he study Objectives. As an example, if (he factory systein study aims to corapar
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. the effects of different operating rules on efficiency, it is not relevant to consider ihe

hiring of employecs as an activity. While irrelevant-information in the model may
not do any harm, it should be excluded because it increases the complexity of the

*'model and causes more work in solving the model.

(c) Accuracy

The ascuracy of the information gathered for the model should be considered.
In the aircraft system, for c)gamplc, the accuracy with which the movemant of ihe
aircraft is described Gepends upon the representztion of the airframe. 1t may sufficc
to regaid the arrframe as a rigid body and derive a very simpie relationship betwzen
control surface movement and aircrali heading, or it may be necassary to recognize
the flexibility of the airframe and make allowance for vibrations in the structure. An
sngineer respousible for estimating the fuel consumption may be satisfied with the

. simple representation. Another engineer, responsible for considering the comfort of

" ‘factory may be satisfied with the description that has been given. The production

Exercises R T

the passengers, ncedste consider vibrations apd will wari the detailed description of
the airframe. '
(d) Aggregation

A furiher factor to be considered is the extent to which the number of individual
entities can be grouped together into larger entities. The general manager of the

control manager, however, will want to consider the shops of the departments as
individual entities.

In some studies, it may be necessary to construct artificial mﬁﬁs through the -
. process of aggregation. For example, an cconoinic or social study will usually treat
. apopulation as 4 number of social classesand conduct a study as though cach social |~

. class were a distinct entity. .
Similar considerations of aggregation should be given-to the representation of

activities. For example, in studying a missile defense system, it may not be necessary

to include the details of computing a missile trajectory for each firing. It may be
sufficient to represent the outcome of many firings bya ptob_ability functicn.-

<

-1-1 'Extract from _iﬁc'follpiv-i‘qjg dcsc;'ipiion %hc,‘ ntities, an;i\_qm-gs, and activities -
i ofthe system, Ships arriveata port. They dock ataberthif onc is available;
) * otherwise, they wait untii one becomes available. They are unloaded by one

of several work ‘gangs \-.v}g'o'se s?ze"dépends upon the ship’s tonnage: A wate-
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house contains 2 new cargo for the ship. The ship is loaded and thea departs.
?“EBCSt two exogenous events (other than arrivals) that may need to be taken
into account. i

1-2 Nam.e three or four of the principal entities, atiributes, and activities to be
con_sldcrcd if you were to simulate the operation of (2) a gasblinc filling
station, (b) a cafeteria, (c) a barber.shop.

1-3 A.new bus route is 1o be added to a city, and the traffic manager is to deter-
mine how many extra buses will be necded. What are the three key attributes
of the passengers and buses that he should consider? If the company manager
wants to assess the effect of the new route on the transit system as a whole,
hcfw wo_uld vou suggest he aggrepate the features of the new line to form part
ol a total system modei? Would you suggest a conlinuous ot discrete model
for the traffic manager and the gencral manager?

1-4 In lhc'automobilc veheel suspension system, itis found that the shock absorber
f:lampmg !'orcc is not strictly proportional to the velocity of the wheel. There
is an ad(.mional force component equal to D, times the acceleration of the
wheel. Find the new conci_itﬁon's for ensuring that the wheel does not oscillate.

1-5 A woman does her shopping on Mondays, Wednesdays, and Fridays. If itis
fine, she walks 1o the stores; otherwise, she takes a bus. She always takes the
bus home. On Tuesdays, she visits her daughter, traveling there and back by
bus. Assuming that information is available about the day of the week and
the state of the weather, draw a flow chart of her movements. ‘

1-6 Ir! the aircraft system, suppose the control surface angle y is madc.lo be A
times the error signal. The response of the aircraft to the control surface is
fomjd !cf be 16, + DO, = Ky. Find the conditicns under which the aircraft
motion is oscillatory. ' o '

1-7 Sup?osc the automobile body in the suspension system example is not
statxf;nar?'. Censider the body to have a mass of M,, and .assume that its
motion is determined by the force of gravity and the reaction with the
suspension system. Constructa model for the motions of the wheel and body.
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